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Abstract 

In this paper we prove existence and multiplicity of positive and sign- 
changing solutions to the pure critical exponent problem for the p-Laplacian 
operator with Dirichlct boundary conditions on a bounded domain having non- 
trivial topology and discrete symmetry. Pioneering works related to the case 
p = 2 arc H. Brezis and L. Nircnberg [4], J.-M. Coron [10], and A. Bahri and 
J.-M. Coron [3]. A global compactness analysis is given for the Palais-Smale 
sequences in the presence of symmetries. 
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1 Introduction 

We tackle the following problem with pure critical nonlinearity 

— A p u = \u\ p ~ 2 u in Q 
u = on dO,, 



(1) 



where O is a smooth bounded domain in M. , 1 < p < N, p* := Np/ (N — p) is the 
critical Sobolev exponent, A p u := div(|Vu| p_2 Vu) is thep-Laplace operator denned 
on 

Z? 1 ' p (R iV ) := {u € L p *(R N ) : Vu G L P (R N ;R N )} 



endowed with the norm 



We denote by W 1,p (O) the closure of T>(U) in T> 1 ' P (R N ) and define on W 1,p (O) the 
functional 
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where 



J(u):=- [ \Vu\ p dx-— [ \ufdx. (2) 
y ' pJn P* Jn ' ' W 

We recall the definition of Nehari manifold 

Af(fi) := G I<' p (ft) \ {0} : (J'(u),«) = 0}. 
We also define the level 

oN/p 

Coo := inf{ u € jV(fl)} = (3) 

5:=inf{/ |Vu| p dx, it € VF 1 ' P (M JV ) : / = 1} (4) 

is the best Sobolev constant, attained by nowhere zero (well known) functions in 
R , see e.g. [31]. It is well known that the infimum in (3) does not depend on the 
domain. 

Since the embedding of Wq ,p (Q) into L p * (Q) is not compact, the functional J does 
not satisfy the classical Palais-Smale condition and this, in turns, does not allow to 
solve (1) by standard variational methods. 

In the case p = 2 it is well known that the existence of solutions depends on the 
domain. Pohozaev's identity [27] together with the unique continuation principle 
(see e.g. [18]) implies that problem (1) does not have a nontrivial solution (neither 
positive, nor sign-changing) if f2 is strictly starshaped. On the other hand, if the 
domain is an annulus A the existence of a radial positive solution is provided, for any 
p € (1,N), by direct minimization methods, as a consenquence of the compactness 
of the embedding W^ ad (A) ^ LP* (A). 

These two positive and negative results motivated the study of (1) in topologically 
nontrivial domains in order to get existence of solutions. In this direction, in the 
case p = 2, the two main results are the one of Coron [10] for annular shaped do- 
mains with a small hole and the one of Bahri-Coron [2] for domains with nontrivial 
homology. 

However results of [12], [14] and [25] show that hypotheses of nontrivial topology are 
not necessary to get solutions, in the case p = 2. So the question of characterizing 
the domains for which a solution of (1) exists is still open, even in the case p = 2. 
Concerning multiplicity of positive and sign-changing solutions several results have 
been obtained (case p = 2) for domains which are small perturbations of a given do- 
main D, in particular if D is a domain with a small hole, see e.g. [7, 9, 15, 19, 20, 23]. 
But for domains which are not such perturbations multiplicity remains largely open. 
A first result in this direction was recently established in [8], under some symmetry 
assumptions, always in the case p = 2. 

Coming to the case p ^ 2 let us start observing that a Pohozaev type nonexistence 
result is not yet available for sign-changing solutions of (1), as the unique continua- 
tion principle for the p-Laplacian is not known, see e.g. [21], while for nonnegative 
solutions has been proved in [17]. The nonexistence of sign-changing radial solutions 
in the case Q, := {x <E R N : |x| < 1} holds in the range 2N/(N + 2) < p < 2, as 
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observed in [21] by an ODE argument. 

As far as existence of solutions is concerned there are no results at all, except for 
the above mentioned one concerning radial solutions in the annulus. This is due to 
serious difficulties arising in dealing with the quasilinear case. Let us outline the 
main ones. A first obstacle is given by the fact that even the positive solutions of 
(1) on the whole ~R N are not classified, except for the optimizers of the Sobolev con- 
stant. In the case p = 2 they are explicitly computed (see [16]) and this is the core of 
many existence results, see e.g. [2] and [10]. Moreover the nonexistence of solutions 
in the half-space which holds for p = 2 is another major problem in extending the 
compactness result of [28], (see [21] and [22]), which is used extensively in the semi- 
linear case. Finally the Lyapunov- Schmidt reduction method, largely exploited in 
perturbation results when p = 2, does not seem applicable because the study of the 
linearized operator of the p-Laplacian is another major question (see e.g. [1, 11]). 
So the natural question is whether some topological and /or geometrical assumptions 
on the domain could still lead to existence results as for the case p = 2, in spite of 
the above mentioned difficulties. 

In the present paper we impose some symmetry on the domain which allows, with an 
extension of the recent global compactness theorem of [21] to get, as in [8], existence 
and multiplicity of positive and sign-changing solutions. 

We obtain two kind of results. The first one is a Coron type result, i.e. we consider 
domains with a small hole. In this case we impose little symmetry and get both ex- 
istence and multiplicity of positive and sign-changing solutions. The second type of 
results is obtained for domains with a hole of any size but assuming more symmetry. 
In both cases we follow the same approach in [8]. 

So we assume that f2 is annular shaped, i.e. ^ 0, and contains Ar u r 2 := {x S 
K w : i?i < \x\ < R2}, and in addition, is invariant under the action of a closed 
subgroup G of orthogonal transformations of R . 

Hereafter, given a set A of functions and a subgroup G of linear isometries of R , 
we will denote by A G the subset of A given by G-symmetric functions. Furthermore, 
define the level 

c(R 1 ,R 2 ) :=M{J(u)\ U eM(A RltR2 )°W}. (5) 
Finally, define the cardinality of the minimal G-orbit in M. N \ {0} 

I = 1(G) = min{#Gx : x £R N \ {0}}. (6) 

The following theorem provides a positive solution for a given symmetry closed 
subgroup of O(N), by shrinking the size of the hole. 

Theorem 1.1. Let 1 < p < N and 1(G) > 2. Then, for every 5 > there exists 
R$ > such that equation (1) possesses a positive G- symmetric solution u provided 
R1/R2 < R&- Furthermore 

oN/p 

J(u)<— + 5. 

The existence of a positive solution for a fixed hole size is given by the following 
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Theorem 1.2. Let 1 < p < N and < R\ < R2 given. Then, there exists a positive 
Iq depending on p and R1/R2 such that for every closed subgroup G C 0(N) with 
1(G) > Iq equation (1) possesses a positive G- symmetric solution, with 

J(u) < c(R 1 ,R 2 ). 

Moreover, in the spirit of Theorem 1.2 and Theorem 1.3 of [8], the following 
theorems provide existence of multiple sign-changing solutions. 

Theorem 1.3 (Fixed symmetries-small hole). Let 1 < p < N and 1(G) > 2. Then, 
for every 5 > there exists Rs > such that equation (1) possesses I pairs of sign- 
changing G -symmetric solutions ±«i, ±iij provided R1/R2 < Rs- Furthermore 

S N/p 

J(u k ) < (k + l)-jj- + 8, k = l,...,l 

Theorem 1.4 (Fixed hole- more symmetries). Let l<p<JV,meN and < R± < 
R2 given. Then, there exists a positive Iq depending on p, m and R± / R2 such that 
for every closed subgroup G C O(N) with 1(G) > Iq equation (1) possesses m pairs 
of sign- changing G-symmetric solutions ±ui,...,±u m , with 

1 1 

J(u k ) < (k + l)c(R™ +1 ,R™ +1 ), k = l,...,m. 

As far as we know the previous stated results are the first ones for the pure 
critical exponent problem (1) for the p-Laplacian, p 7^ 2. 

The paper is organized as follows. In Section 2 we state the global compactness 
results which we need in order to study the Palais-Smale condition for the functional 
J, this extends the result of [5, 21]; in Section 3 we construct a family of positive 
solutions belonging to the Nehari manifold in a hierarchy of annular domains which 
is suitable in order to apply the minimax scheme used in [8]; in sections 4 and 5 we 
prove the results stated above, while in Section 6 we sketch the proof of the global 
compactness results stated in Section 2; finally in Section 7 we give some comments 
and an extension to a more general symmetric setting. 

2 Global compactness results in the presence of sym- 
metries 

The compactness results of the present section are meant as an extension of the 
results of [5] and [21]. 

In the sequel G will denote a closed subgroup of orthogonal transformations of R-^ . 
The action of G on a function u : R N -> R is defined through 

(gu)(x) := u^^x), x € ft, 3 E G. 

In particular we consider G-invariant PS-sequences, i.e., PS sequences in the closed 
subspace of Wq' p (Q) defined through 

W hp (n) G := {u G W hp (n) : gu = u}. 
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A domain of SI C R is G-invariant if gx G SI whenever for all g G G. Finally 

we say that a function u is G-invariant if = u whenever g G G. We define on 

, /■ |Vu|p , Au\p \u\p\ 

m(u) = I \- a(x) ax, 

Jn P P P* 

and on V 1 ' P (R N ) 

4>oo{u) = [ ~rdx. 

In the following theorem we assume that 

(A) SI is a smooth bounded domain ofR N , 1 < p < N, a G L N / p {Sl). 

(B) SI, a are G-invariant. 

Boundedness of PS sequences can be guaranteed by assuming that a is such that 



inf / \Vu\ p + a{x)\u\ p dx > 0. 
ueWo' p (n) Jn 

||Vu||ii>=l 

See [21]. 

We recall, see e. g. [5, 13], that for a given y G R , there exists a homeomorphism 
Gy ~ G/Gy, where Gy := {gy G R N , g 6 G} is the G-orbit of y and G y is the 
isotropy subgroup of y, G y := {g G G, gy = y}. The index of G y in G, which we 
denote by \G/G y \, is therefore the cardinality of Gy. 
We use the following notation: 

u + = max(-u, 0), U- = max(-u, 0) 

R^ = {x G R^ : x N > 0}. 
In view of getting a Coron-type result we have 

Theorem 2.1 (Palais-Smale sequences nearby the positive cone). Let 1 < p < N. 
Under assumptions (A) and (B), let {u n } n C Wq ,p (S1) g be a bounded sequence 
such that 

<f>(un) -»• c <j>'(u n ) ^ in W-^(pL) 

and 

\\(u n )-\\ LP * {Q) 0, n^oo. 

Then, passing if necessary to a subsequence, there exists a solution vq G W ,p (S1,) g 
of 

—A p u + a(x)u p ~ 1 = u p ~ l in SI, 
u > in SI, 

a finite number k G N of closed subgroups ri,...,r^ of finite index in G and, corre- 
spondingly, {vi, ...,Vk} C T> 1,P (R N ) Ti— invariant solutions of 

-A p u = u p *~ 1 in R N , 
u>0 in R N , 
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k sequences {y l n } n C ^ and {A^} n C HL+, satisfying 

G y % = r^, Vn, — > y l € 0, as n — >■ oo, 

— -r- dist(y l n ,dVL) oo, n — >■ oo, 
An 

4"lf2/n - ff^nl 00 ) ^ OO, \%] / [(/] G G/rj 

K-«0-E E (AD (p - 7V)/ ^(^ 1 (--^)/Aj l )||^0, rwoo, 
i=l [g]eG/r, 

A; 

IKF -> llwoF + E l G / r illl u ill P ' n °°> 
i=l 

|0ooOi) = C. 

i=l 

For i > 1 i/iere /io?ds > 0, whenever Vi is non-trivial, by the strong maximum 
principle [24], see also [Theorem 1.2, [21]]. 

The proof will be given in Section 6. For sign-changing solutions we will need 
the following 

Theorem 2.2 (Sign-changing Palais-Smale sequences). Let 1 < p < N, 4> be as 

above, and define (poo in a slightly different way: 

f \Vu\p \u\ p * 

4>oo{u) := / — dx. 

it" P P 

Under assumptions (A) and (B), let {u n } n C W^ p {Vt) G be a bounded sequence 
such that 

(f>{u n )^c <t>'(u n )^0 inW~ lj/ (Sl). 
Then, passing if necessary to a subsequence, there exists a solution vq € Wq' p (Q) g 

of 

— A p u + a(x)\u\ p 2 u = \u\ p 2 u in£l, 

a finite number k £ N of closed subgroups Ti,...,T^ of finite index in G and, corre- 
spondingly, {v±, ...,Vk} C WQ ,p {Hi) Ti— invariant solutions of 

—A p u = \u\ p ~ 2 u in Hi 

where Hi is either W N or (up to translation and rotation) and there exist k 
sequences {y l n }n C ^ and {A^} n C K+, A^ — > + , satisfying 
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Gyi = Ti, Vn, y l n — > y % G O U <9S7, as n ->• oo, 
— — (iisi (yjj, 90) —¥ oo, ?i — ^ oo 

z/iTj = R^, or 

— -r- dist(y l n ,d£l) < oo, n — > oo 
z/ ^up to translation and rotation) Hi = R+, and 

Trb^n - ff'^/nl -> 00 ) n ^ 00, V[p] 7^ [</'] G G/Ti 



k 

\\un-v Q -J2 E (A^) (p - 7V)/ ^(5" 1 (--5^)/Aj l )||^0, rwoo, 
i=l [g]eG/r 4 

fc 

IKF -> Iboir + E 1^/^111^11^' n ^ 
i=l 

8=1 

As for the previous theorem, the proof will be given in Section 6. 
Now define the functional J as in (2). 

Definition 2.3. Given a subset A C W ' p (O) G , we say that the functional J (see 
(2)) satisfies {PS) C relative to A in Wq' p (Q) g if every sequence {u n } n C Wq' p (Q) g 
such that 

u n £ A, J(u n ) -> c J'{u n ) ^ in W~ hp \Vl) : 

contains a strongly convergent subsequence. If A = we say that J satisfies (PS) C 
in Wo' p (n) G . 

Let V be the positive cone in W 1,p (O) G , namely V := {u £ W 1,p (O) G : tt_ = 0}, 
and define J d := {u G W 1,p (O) G : J(u) < d} and 

n d := V U (-P) U J d . 

We will need the following 

Corollary 2.4 (Palais-Smale condition for J). Lei Cqo 6e defined by (3) and I as in 
(6). 

i) J satisfies {PS) C in W ,P (Q) G for every c < Zcqq. 

ii) Ifl>% there exists eq such that J satisfies (PS) C relative to Ho in Wq' p (Q) g 
for every c < (/ + l)coo + Eq. 
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Proof. In Theorem 2.2, multiplying the equation 

— A p u = \u\ p ~ 2 u in Hi 

by (vi) + and (t>j)-, and using the Sobolev inequality, for i = 0,1,..., A; then we 
have necessarily 

0oo(«t) = 0, 
&oo(Vi) > Coo, 
4>oo(Vi) > 2Coo, 

according to the cases vi is (respectively) zero, has constant sign or changes sign. 

Here we put Hq := M. N and we extend vq by zero in WL N \ Q,. 

In order to prove (i) notice that necessarily we have k < 1, hence k = 0. 

For {ii) we argue as follows. Notice that for / > 2 we have (I + l)coo + Sq < 2/cqo, for 

every eq G (0, Cqq]. In particular let £o € (0, Cqo] be such that J has no sign-changing 

critical points u E Wg' p (fi) with J(u) < + e . Pick {ii n } n such that 

Un ^n , JM^c j'M^o inr lj/ (fl), 

and assume by contradiction that u n does not have a strongly convergent subse- 
quence. Then by Theorem 2.2 there exists a finite set {vi, ...,Vf.} C W Q ' p (Hi) of 
Tj— invariant nontrivial solutions of 

— A p u = \u\ p ~ 2 u in Hi, 

satisfying 

k 

5^|G/r i |0 oo (« i ) = c 

i=l 

fe 

K"E E (At l ) {p - 7V)/p ^(5" 1 (--^)/Ai)||^0, n^oo, 
i=i [gleG/r^ 

for some sequences of finite index subgroups Tj, points {y^} n C and scalars 
{Ki}n C R+. 

Hence for every c < (/ + l)coo + £o the only possibility is that k = 1 and i>i does not 
change sign. Hence either v\ E or v\ E — (notice that by the strong maximum 
principle [24] applied either to i>i or (resp.) to — «i, then v\ > or (resp.) vi < 0). 
But this is a contradiction since ii n ^ no- 

□ 

Remark 2.5. Theorem 2.2 provides a description of the lack of the Palais- Smale 
condition by means of possible nontrivial solutions of the aforementioned critical 
equation either in M. N or in the halfspace. The latter possibility we are not able to 
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rule out for sign-changing PS sequences, except for the following case. Define as in 
[5] the optimal constant 

fi G := mm(^Gx) < oo 

xen N 

and consider the particular case c := and a = 0. Then, if {u n } n C Wq' p (Q) g does 

not converge strongly (in this case necessarily fi G < oo), then, {i>i}i=i k = { v i}, 

with v\(x) := u(x) = [a + f3\x\ p / (j} ~ 1 * > ] 1 ~ N / p , a, (3 > being the optimizers of the 
Sobolev inequality, namely, the Talenti functions [31] . 

3 Energy calibration for solutions in annular domains 

We have the following 
Lemma 3.1. There holds 

c(R 1 ,R 2 ) = c(R 1 /R 2 ,l), (7) 

where c{R\,R 2 ) is defined in (5). Moreover 

c(R,l) ^Coo, as R^O. (8) 

Proof. After extending by zero outside the annulus, equation (7) follows by the 
Sobolev invariance by dilations u\(-) := X^ p ~ N ^ p u(-/ X), and choosing in particular 
X = R 2 . 

In order to prove (8) flxe>0. Then there exist R e > and u £ € J\f(B Re )°W suc h 
that 

J(u e ) < Coo + £, 

for R £ sufficiently large. Since V(B Rs \ {0})°W is dense in W^ p {B Rs )°^ N \ there 
exists u' £ € V{B Re \ {0})°W such that 

J \Vu' £ \ p dx < Coo + 2e. 

N-p 

Define by scaling u £ (-) := R £ p u' £ {R £ -). Notice that suppu e C A Vs) i for some n £ > 
small and 

Coo < c(n £ , 1) < -J- / \Vu £ \ p dx = -J- / \Vu' £ \ p dx < Coo + 2e. 

□ 

Lemma 3.2. Fix < R\ < R 2 and m G N. T/ien i/iere exist radii R 2 =: ro > r\ > 
... > r m := Ri, and nonnegative radial functions oji E J\f(A RltR2 ), i = l,...,m such 
that 

suppuii C A ri>n _ 1 , and J(ojj) = c(R{ n , i?^ 1 )• 

Furthermore Ui > in A ri:ri _ i: uii G C 0,a (lR Ar ) a/£er extending by zero outside 
A rit r i _ 1 , and C 1,ol (A ri)ri l ). 
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Proof. Define m radii R 2 ='■ tq > r\ > ... > r m := R\, through the condition 
-S- = C,Vi = l,...,m. It follows C = (R 1 /R 2 ) 1/m . By the Strauss inequality 

[Lemma 2.1, [30]] the embedding T>lf d (R N ) C L P * C (R N \ {0}) is compact. Hence, by 
direct minimization, each c(rj,rj_i) is attained by a function u>i G W f ad (A rii r i _ 1 ). 
Since J(|it|) = J{u), u)i may be selected to be nonnegative. The regularity follows 
from standard arguments, see e.g. [[21], p. 472]. The positivity is a consequence of 
the strong maximum principle [24] . Now extend Cui by zero outside A ruri _ 1 , obtaining 
UJi S J\f(Aji lt ji 2 ). By construction and from (7) we have 

J(u) i+ {) = c(r i+1 ,ri) = c(r i+1 /ri, 1) = c(C, 1) = c^/r^i, 1) = 0(^,^-1) = J(^). 

Finally from (7) we have 

J(ui) = c((R l /R 2 ) 1 / m ,l) = c(R?,R?). 

□ 

Remark 3.3. In spite of [Remark 2.2, [8]], we cannot conclude in our case that 

m 
i=l 

is a C l,a sign-changing solution in Wq' p {A Rlt R 2 ) ^ N ^ . 

4 Existence of a positive solution 

We prove Theorem 1.1 in the spirit of Coron [10]. 

Proof of Theorem 1.1. Lemma 3.1 guarantees that for every 5 > there exists R5 > 
such that 

c(Ri,R 2 ) < Coo + 5, 

provided R1/R2 < Rs- 

Notice also that the embedding Af(A Rl>R2 )°( N ) ^ N(ti) G yields 

inf J(u) < c(R 1 ,R 2 ). 
A/"(n) G 

It follows that 

c := inf max J(tu) = inf J{u) < Cqo + 5. 

By the general minimax principle [see e.g. [32]], there exists a Palais-Smale sequence 
{un} n C Wq' p (£1) g at level c, such that, if for j n € X 

max J(j n (t)) < c + — , 
te[0,i] n 
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then 



dist(u n , 7ri ([0,l])) < -, (9) 
n 

where 

X := { 7 G C([0, l],W^ p (nf) : 7 (0) = 0, J( 7 (l)) < o} . 
Since J(u) = J{\u\), it is possible to restrict on curves 7 € C([0, 1], V). Defining 
V 1/n := {u € Wq P {VL) : inf ||u - y\\ w hp {n) < 1/n}, 

equation (9) yields u n G "Pi/ n for large n G N. By the Sobolev inequality, this implies 
||(^ra)-Hz,p*(n) - > 0, as n — > 00. See also [[21], p. 481]. 

By Corollary 2.4 i), using Theorem 2.1 we can pick 5 G (0, Cqq) such that {u n } n is 
relatively compact. The restriction on I > 2 allows us to have c + 5 < Icoq. For such 
6, the mountain-pass level c is critical in Wq ,p (VL) g , and by the symmetric criticality 
principle the duality can be extended to VFQ ,p (f2). Hence, by construction, there 
exists a nontrivial nonnegative critical point of J. The positivity follows from the 
strong maximum principle, and this concludes the proof. 

□ 

Proof of Theorem 1.2. The proof is the same as above, using Theorem 2.1. 
For every closed subgroup G C 0{N) with / = 1(G) > Iq := c^c(R\, R2), then 

c := inf max J(tu) = inf J(u) < c(i?i,i?2) < lccx>- 

By Corollary 2.4 i), using Theorem 2.1 we can pick a Palais-Smale sequence at level 
c, which is nearby the positive cone and relatively compact. Then c is critical and 
there exists a positive G-symmetric solution u, of (1), such that J(u) < c(R\,R2). 
This concludes the proof. □ 



5 Existence of multiple sign-changing solutions 

The mountain-pass principle for sign-changing solution, i.e. Theorem 3.7 in [8], 
holds in the Banach space Wq' p (Q) g . More precisely we have the following 

Lemma 5.1. Let W be a finite dimensional subspace of Wq' p (Q) g and let d := 
su]) w J. If J satisfies (PS) C relative to Hq in Wq' p (Q) g (see Section 2) for every 
c < d, then J has at least dim(W) — 1 pairs of sign changing critical points u G 
Wl' p (ti) G with J{u) < d. 

Proof. In [Theorem 3.7, [8]] use the pseudo-gradient flow of J. □ 

Proof of Theorem 1.3. Fix 5 < £q, where £q is given by Corollary 2.4. From Lemma 
3.2 and Lemma 3.1 there exist {oj}i=i ... 1+1 C AT(Q) G and R$ > such that if 
R1/R2 < Rs then 

k+i 

max J < > max J(tuii) < (k + l)coo + 6 < (I + l)coo + £0, 
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where W k '■= span (oj\, ...,uJk + \) for k = I,..., I. Notice that {wjj^.^+i are linearly 
independent since they have disjoint supports. 

From Corollary 2.4 and Lemma 5.1 there exist I couples of sign-changing critical 
points of J, namely ±Ui, ±n^ G N(Q) G with 

■/(wife) < (k + 1)^ + 5, k = l,...,l, 

and this concludes the proof. □ 

Proof of Theorem 1.4- Fix m € N and < i?i < i?2- Define Zo := c ^( m + 
1 1 

l)c(i?™ +1 , i?2™ +1 )• From Lemma 3.2 and Lemma 3.1 there exist {w}j=i v .. jm +i C 
A r (^) G such that 

fc+i _^ ! 

maxJ< VmaxJftWi) < (A; + l)c(i? 1 m+1 , i? 9 m+1 ) < l oCoo , 

i=l 

where := span {uj\, ...,LOk+i) for fe = 1, m. 

For every closed subgroup G C O(N) with Z = Z(G) > Zo, from Corollary (2.4) 
and Lemma 5.1 there exist m couple of sign-changing critical point of J, namely 
±ux, ±u m € N(£l) G with 

J(u k ) < (A; + l)c(i?fKi^+ T ), k = l,...,m, 
and this concludes the proof. □ 



6 Proof of Theorem 2.1 and Theorem 2.2 

Proof of Theorem 2.1. We follow the line given by M. Willem in [[32], Theorem 
8.13], inspired by [3]. The result is a consequence of the observations of M. Clapp 
in [5] on the semilinear case and the global compactness in [21] for the p-Laplacian 
operator. A sketch of the proof is due, and we give it in several steps. 

1) Since the sequence {u n } n is bounded in Wg' p (fi), passing if necessary to a sub- 
sequence, we can assume that u n — ^ vq in W ,P (Q) and u n — > vq a.e. on Q. By 
[Lemma 3.5, [21]] and the symmetric criticality principle, it follows that 4>'( v o) = 
and u\ := u n — vq is such that 

i) \\ulf = \\uj?-\\v f + o{l), 

Hi) cPUO ^ in^'(fi). 

2) If u\ -> in L p *(n), since ^ in W " iy (fi), we have that — >• in 
VFq' p (0) and the proof is complete. Otherwise we can assume that 

/ \u l n \ p * dx > 5 
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for some < 5 < (S/2) N / p . Introducing the Levy concentration function 



L n (r) := sup / 
vGR N JE 



1\P 

I Lli 

y£M. N JB(y,r) 



ULj-t | doc - 



since L n (0) = and L n (oo) > 5, there exists a sequence {A*} n c]0,oo[ and a 
sequence C f2 such that 



SUp / \ u n\ P dx = \Un\ P dx. 

vgR n Jb(v,\1) Jb(vI,\1) 



3) Given a closed subgroup H C G define 

Fix (H) := {x € R N : gx = x, Vg e H} 

and for every y £ M. N y H to be the euclidian projection of y onto Fix(H). In [[5], 
p. 121] is proved the existence of a closed subgroup T C G such that, passing if nec- 
essary to a subsequence: 

a) #r < oo, 

b) G„r = T for all n, 

/ tin 

c ) (Ai) _1 |s?/i r - g'y l n T \ ->• °c as n -»■ oo for all [5] / [5'] e G/r, 

d) (Ai)- 1 k-yi r |<C<oo. 
We define on 

the T— invariant sequence := (\l l )^ N ~ p ^ p uj l (\l l x + y^ r )- We can assume that 

v\ v\ in T> 1,p (M> N ) r and — > v\ a.e. on R^. From d) we observe that 

ulfdx= [ \v\fdx. (10) 

4) We prove that v x ^ 0. Let /„ := ...,/^) € (If' (Q)) N defined by the repre- 
sentation 

N 

i=i 7n 

Define 5n := (A* ) (iV " p)/p /n(A^x + y* r ). We have that 

JV 

(0'ooK): &) = E / V/i G <' P (^n) 

and, since ^'^{v^) — > 0, 

AT „ AT 



E / dx = Y f \f n \ p 'dx = o{l). 

i=l j=l 
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We assume now, by contradiction, that v\ = 0. Then, passing to a subsequence, we 
can assume that v\ — > in L P oc (M. N ). Take h € P(]R Ar ) such that supp/i C B(y, 1) 
for some y € R . From the Holder and Sobolev inequalities, it follows that 

l\ P \vlf <S-H [ IvirY^ \ |V(^)| P . 



' supp h 

Hence, since v\ — ► in Lf oc (l\l N ), we have 

I |v(K)l p = /|v^r 2 v^v(|^) + (i) 

= [ \h\ P Kf+J2 [ 9lA(\h\ p vi) + o(l) 

< S~ l 5 p ' N j |V(/i^)| p + o(l) 

< 5/ |V(^)r + o(l). 

It follows that Vt>^ — > in (M^) and by the Sobolev inequality we have that 
v\ — > in L p oc (K N ). This is in contradiction with (10). Hence v\ 7^ 0. 

5) Since Q, is bounded we may assume — > yg r £ ^ an d A* ~ ^ AJ — 0- If Aq > 
then, as a consequence of the fact that u\ — ^ in H^'^O), we have t> * — 1 in 
P 1 ' p (]R Ar ) r and this is a contradiction. We can also rule out the case A* — > and 

liminf — dist (yl r , d£l) < 00. 

n-j-oo A* 

Indeed, we would have y$ T £ 90 and ui, which is nonnegative, would satisfy 

- A p u = u p *~ l in H, 
u = on dH, 

where H is a halfspace. But [Theorem 1.1, [21]] implies v± = 0. 
It follows that, for some subsequence, 

-^dist (yl T , dn) -^00, Xl -> 0. 

A n 

Moreover y$ r E O. By Step 1 and Lemma 3.6 in [21] we have that ^^(vi) = and 
by the strong maximum principle v\ > 0. 

6) Arguing as in [[5], p. 124] pick a radial cut-off function \ £ T>(M. N ), < x < 1 
such that x^lon £(0, 1) and x = on 1^ \ 5(0, 2). Define also 



4p n := min{|^ r - 5 '^ r | : [<?] ^ [</] € G/Y}. 
From Step 3 and from property c) together with Lemma 3.6 in [21] the sequence 
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ulix) := u l n (x)- J2 (^) ip - N)/P vi(9' 1 KHx-gyl l r )/Xi)x(p-\x-gy 1 n r )) € W}*(ll) a 
[g]eG/r 

satisfies 

i) Kir = hn\\ p -ho\\ p -\G/r\\\v 1 \\p + o(i) ) 
a) 4>oo(ul) -> c - 0(« o ) - |G/r|0oo(vi), 

m) in (Wo^Cfi))'. 

7) Since for any nontrivial critical point it of we have 

S1I?/II P < \\u\\ p — Il7/ll p * 

J \\ U \\ L p*( R N) ^ ||«|| - \\ U \\ L p* 



we get 

gN/p 

</>oo(v>) > C* := -jj-- 

As a consequence, the above procedure can be iterated only for a finite number of 
steps. 

□ 

Proof of Theorem 2.2. The proof requires small changes with respect to the proof of 
Theorem 2.1, taking into account that the nonexistence of sign-changing solutions 
in the halfspace is not known. Therefore we leave it out. □ 



7 An extension 



In the proof of the above existence results it is remarkable the role played by the 
positive solutions constructed in a hierarchy of annular domains, and belonging to 
the Nehari manifold. The results we obtained can be furthermore extended, in order 
to enlarge the class of domains having a finite number of symmetries and nontrivial 
topology. Indeed, as observed in [6], Theorem 1.2 and Theorem 1.4 require I large 
enough, and this could not be the case in odd dimensions. Following [6] , we denote 
by r a closed subgroup of O(N) and by D C M. N a T-invariant smooth domain such 
that every orbit Fx is infinite on D. We have the following 

Theorem 7.1. Let 1 < p < N. Then, there exists an increasing sequence {l m } 
of positive real numbers, depending on p, T, D, such that if D C fi, and if £1 is 
G-invariant, being G a closed subgroup of T such that 

min jfGx > l m , 

then (1) possesses m pairs of G -symmetric solutions ±ui, ±it m with u\ positive 
and U2, ■■■,u m sign- changing, and 

S N/p 

J{u k )<l k ——, k = l,...,m. 



15 



Proof. The proof follows with obvious modifications from [6], taking into account 
the compactness results of Section 2 and Lemma 5.1. □ 



Remark 7.2. Theorem 1.2 and Theorem 1.4 correspond to the case D = Afii R 2 
and! = O(N). 
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